We consider the heating of biological tissue by injecting gold nanoparticles (GNPs) and subjecting the system to an electromagnetic field in the radio frequency spectrum. There are results that indicate that small conducting particles can substantially increase the heating locally and thus provide a method to treat cancer. However, recently there are also other publications that question whether metal nanoparticles can be heated in radio frequency at all. This paper presents an analysis and some interesting observations regarding the classical electromagnetic background to this effect. Here, it is assumed that the related dipole effects are based solely on homogeneous conducting nanospheres that are immersed in an lossy medium. From this point of view it is concluded that the effect of using a capacitive coupling i.e., a strong electric field to induce electric dipoles can be disregarded unless the volume fraction of the GNPs is unrealistically high, or if there are some other electric dipole mechanisms present which are not taken into account here, such as e.g., with nanospheres coated with ligands providing an electrophoretic movement and associated resonances. On the other hand, a simplified quasi-magnetostatic analysis indicates that an inductive heating (induced eddy currents inside the metal particles) based on magnetic coupling may have the potential to significantly increase the heating locally provided that the supplied magnetic field can be made sufficiently strong at radio frequency. This paper presents a near field optimization approach to study the electromagnetic heating of conductive nanoparticles. The approach is based on a detailed analysis based on vector spherical waves for lossy materials and related energy expressions. An optimization problem is then formulated where the power absorption inside the nanoparticles is maximized subjected to power constraints related to the skin effect in the surrounding medium. The analysis shows that when the exterior medium is modelled as salty water the skin effect in the bulk material will render the simple principle of inductive heating of GNPs practically useless at 13.56 MHz (frequency chosen due to regulations). Future research will therefore be focused on an investigation of plausible dispersion mechanisms associated with coated GNPs that can potentially generate significant absorption based on the electrophoretic resonance effects.
Introduction
A number of publications have proposed that biological tissue can be heated quickly and selectively by the use of gold nanoparticles (GNPs) that are subjected to a strong time-harmonic electromagnetic field, mostly at 13.56 MHz where the band is chosen due to regulations, see e.g., [4, 6, 9, 25] . The hope is to find a non-invasive method to treat cancer. The GNPs can also be used as a contrast agent for electrical impedance tomography, particularly when combined with tumour targeting [3] . The basic idea is to exploit the unique property of the cancer cells to attract the GNPs. The rapid rate of growth of the cancer cells causes them to intake an abnormal amount of nutrients and the GNPs can hence be coated with folic acid to target the bio-markers or antigens that are highly specific to the cancer cells, see e.g., [8] . The aim of the radio frequency (RF) treatment is then to cause local cell death only in the cancer, which in principle could be done at a moderate temperature of about 40 to 46
• C, in addition to increasing the pore size to improve delivery of large-molecule chemotherapeutic and immunotherapeutic agents.
The physical background of the RF-heating does not seem to be fully understood and there are many phenomenological hypotheses proposed to explain the heating [4, 6, 9, 25] . Recently, it has also been questioned whether metal nanoparticles can be heated in radio frequency at all, see e.g., [6, 10, 15, 20, 22] .
Below we comment on some key experiments and observations published in [4, 6, 9, 15, 20, 25] . In [25] , a small amount (some 10 ppm by mass) of gold is added to a 1.5 mL container with deionized water. A strong time-varying field is applied, and the heating rate is observed to increase by factors of ten. It is proposed that the increased heating is due to resistive (Joule) heating and that the particle conductivity plays an important role. A plausible explanation to this phenomenon based on classical ion transport does not seem to be provided. An argument is the nanoscale effect associated with the electron-surface scattering where the size of the particle can be much smaller than the mean free path of electrons in gold which is in the order of 50 nm. It can then be argued that the conductivity follows a Drude model where the phenomenological time (or damping) constant can be seen as the typical collision time for an electron. In small particles, it is suggested that the collisions are dominated by the boundary of the particle [21] which will lead to collision times in the order of femtoseconds, and which obviously can have nothing to do with properties at a few tens of MHz.
In [4, 9] , GNPs are injected in cancer cells and a time harmonic electric field is applied. Increased heating and tissue destruction is observed. At the same time, there was not a significant difference in media temperatures comparing the RF-treated cells and the control cells (no GNPs). The interpretation is that a local heat release in the microenvironment of the cells can be sufficient to produce lethal injury to the targeted tissue. It is difficult to read out the typical volume fraction of the nanoparticles, but it can be expected to be very low. On the other hand, the key observation in [9] implies that maybe the temperature can be very high locally, typically where the metal particles have clustered. This is suggested also by some microscopic photos in [9] , where the GNPs seem to have clustered inside the cell.
It is interesting to observe that the RF-heating of gold nanoparticles is questioned and under debate. Several authors have not been able to find theoretical nor experimental support that metal nanoparticles can be heated in radio frequency at all, see e.g., [6, 10, 15, 20, 22] . In [15] Mie scattering theory in the Rayleigh limit of very small particles is used as an argument to support the (negative) experimental conclusions made in [20] .
In this paper we investigate the classical electromagnetic background to the generation of heat in a cluster of homogeneous, conductive nanoparticles that are immersed in a lossy medium. A quasi-electrostatic homogenization approach (Hashin-Shtrikman coated spheres) is used to show that the effect of generating electric dipoles and the associated losses dissipated in the exterior medium can be disregarded. A quasi-magnetostatic analysis is then performed indicating that an inductive heating based on magnetic coupling may have the potential to significantly increase the heating locally provided that the supplied magnetic field can be made sufficiently strong at radio frequency. Finally, we present a near field optimization approach to study the electromagnetic heating of conductive nanoparticles showing that when the exterior medium is modelled as salty water the skin effect in the bulk material will render the simple principle of inductive heating of GNPs practically useless at 13.56 MHz.
Future research issues are discussed in some detail, and we are particularly emphasizing the potential of exploiting the electrophoretic resonance effects that can be associated with a suspension of glutathione coated GNPs, see e.g., [3, 23, 28, 33] . Our first results in this direction are reported in [28] .
2 Dipole fields
Notation and conventions
The following notation and conventions will be used below. The Maxwell's equations [17] for the electric and magnetic fields E and H are considered based on SI-units and with time convention e −iωt for time harmonic fields. Let µ 0 , 0 , η 0 and c 0 denote the permeability, the permittivity, the wave impedance and the speed of light in vacuum, respectively, and where η 0 = µ 0 / 0 and c 0 = 1/ √ µ 0 0 . The wavenumber of vacuum is given by k 0 = ω √ µ 0 0 where ω = 2πf is the angular frequency and f the frequency. Note that ωµ 0 = k 0 η 0 and ω 0 = k 0 /η 0 . For a homogeneous and isotropic material with relative (and generally complex valued) permeability µ and permittivity expressed in the frequency domain, the corresponding wavenumber and wave impedance are given by k = k 0 √ µ and η 0 η, respectively, and where the relative wave impedance is η = µ/ . Note that ωµ 0 µ = kη 0 η and ω 0 = k/η 0 η. For a conductive material the conductivity is denoted σ and the corresponding complex valued relative permittivity is given by = r +iσ/ω 0 where r is the real valued relative permittivity. The spherical coordinates are denoted by (r, θ, φ), the corresponding unit vectors (r,θ,φ), and the radius vector r = rr. The cartesian unit vectors are denoted (x,ŷ,ẑ).
Electric and magnetic dipole fields
Following the definition of the vector spherical waves given in Appendix A where the general multipole indices are (τ, m, l), the electromagnetic fields of a transverse electric (TE) magnetic dipole (τ = 1) and a transverse magnetic (TM) electric dipole (τ = 2) with dipole moments in theẑ-direction, i.e., (m, l) = (0, 1), can be expressed as follows, cf., also [1, 2, 17, 27] . The regular dipole waves are
and the outgoing dipole waves
and where the dipole coefficients are a M = a 101 3/8π, a E = a 201 3/8π, b M = b 101 3/8π and b E = b 201 3/8π as defined in Appendix A. Here, j 1 (x) and h (1) 1 (x) are the spherical Bessel function and the spherical Hankel function of the first kind, respectively, both of order l = 1.
Consider now the small argument asymptotics of j 1 (x) and h
which are valid as |x| → 0. The corresponding quasi-static regular dipole fields are
where the factor 1/3 has been absorbed in the coefficients a M and a E . Similarly, the corresponding quasi-static singular dipole fields are
where the factor −i has been absorbed in the coefficients b M and b E . In (4), it is noted that r cos θ −θ sin θ =ẑ which represents the direction of the dipole moment. The term "quasistatic" is employed above due to the fact that the representations (4) and (5) are valid as |kr| → 0, i.e., in the low-frequency (or long wavelength) limit, as well as when the physical dimensions of the particles (as with nanoparticles) become very small for any fixed frequency.
Quasi-electrostatic heating
We investigate first the potential of electromagnetic heating based on the quasi-electrostatic phenomenon, i.e., a polarization of the nanostructure based on the generation of electric dipoles. In this case, there will be very small electric fields inside the highly conducting spheres and the heating will take place due to a strong electric field in the surrounding medium.
To analyze this situation we consider the classical homogenization technique based on the Hashin-Shtrikman coated spheres assemblage [24] as depicted in Fig. 1 . The spheres are of different size with a fixed volume fraction f 1 = r 3 1 /r 3 2 where r 1 is the radius of the inner sphere having conductivity σ 1 and r 2 the outer radius of the coating having conductivity σ 2 and which also represents the background medium, see Figure 1b . The fictitious exterior region outside the coated spheres has a conductivity σ 3 which is chosen so that the spheres are "cloaked" for a homogeneous externally applied electric field E as depicted in Figure 1b . This means that the coated spheres do not have a dipole moment when placed in the fictitious exterior medium. The fictitious exterior medium can therefore be replaced by coated spheres of different size filling the whole space without affecting the externally applied field and in this way the procedure provides a solution to the corresponding homogenization problem. Based on (4) and (5), the quasi-static electric dipole field can be written
a 2 E 0 r cos θ −θ sin θ + b 2 E 0 1 r 3 2r cos θ +θ sin θ r 1 < r < r 2 , E 0 r cos θ −θ sin θ r 2 < r,
where the externally applied electric field is E 0ẑ . The appropriate boundary conditions are given by the continuity of the tangential electric field E and of the normal component of the current density J = σE (divergence free currents) at r 1 and r 2 , respectively. This yields
with the unique solution
,
and where
is the volume fraction of conductive nanoparticles and f 2 = 1 − f 1 . The solution for σ 3 is the well known Hashin-Shtrikman/Maxwell-Garnet homogenization formula [24] .
The power in the inner sphere is given by
and which will tend to zero as σ 1 /σ 2 → ∞. It can be shown that the power in the coating is given by
where we have employed dv = r 2 sin θ dr dθ dφ, . By using the asymptotics a 2 ∼ 1 +
as σ 1 /σ 2 → ∞. Using as a reference the background heating
the relative heating coefficient is defined as
where
is the volume fraction of conductive nanospheres.
Quasi-magnetostatic heating
Next we investigate the potential of electromagnetic heating based on the quasi-magnetostatic phenomenon, i.e., a polarization of the nanostructure based on the generation of magnetic dipoles. In this case, there will be a very strong magnetic field penetrating the small spheres and the heating will take place due to the induced eddy currents inside the highly conducting spheres. To motivate this assumption, it is noted that the skin-depth in gold is 75 µm at 1 MHz and the size of a gold nanoparticle is typically in the order of 5 nm [9] . Hence, the simplified analysis below is based on the assumption that the self-inductance as well as the mutual inductances of the spheres can be neglected and that the magnetic field generated by the induced currents will have a very little effect on the externally applied magnetic field. This is a common assumption that can be applied in magneto-statics when the skin-depth of the material is much larger than the physical dimensions of the structure, see e.g., [17, 29] . The analysis technique based on the Hashin-Shtrikman coated spheres that was used above can not be readily applied to analyze the case with inductive heating. As will be seen below, the reason for this is simply the fact that the actual power loss in each coated sphere depends on its radius and it is hence difficult to assess the correct background heating when there are no spheres present. Note also that we have made no particular assumptions about the externally applied electromagnetic field (plane, cylindrical or spherical waves, etc) other than that the magnetic field behaves locally as a quasi-static homogeneous field. To analyze the situation with inductive heating we consider therefore a periodic structure of equal spheres as indicated in Figure 2 . This is a realistic assumption since the nanoparticles can usually be processed to have almost equal size. We emphasize however that this analysis is simplified in the sense that we are assuming that the actual nanostructure is large enough to be considered periodic at the same time as it is small enough to justify that the skin effect can be neglected. It is also noted that the highest fraction of space occupied by a lattice of equal spheres is about 74% and is achieved e.g., with a hexagonal closed packed (hcp) or a face centered cubic (fcc) structure [19] . In the simplified analysis that is executed below we simply disregard the remaining 26% which may also contribute to the heating. Each cell in the lattice is therefore described as a coated sphere where r 1 is the radius of the inner sphere having conductivity σ 1 and r 2 the outer radius of the coating having conductivity σ 2 and which also represents the background medium, see Figure 2b .
Based on (4), the quasistatic magnetic dipole field inside the coated sphere can be written
and the induced electric field can be expressed as
in accordance to the Faraday's law of induction ∇ × E(r) = iωµ 0 H(r). The power generated inside the sphere of radius r 1 is given by
where we have used dv = r 2 sin θ dr dθ dφ and π 0 sin 3 θ dθ = 4/3. Similarly, the reference case with a homogeneous background without the nanoparticles is given by
The power generated in the spherical region between radius r 1 and r 2 is given by
The increase in power loss relative to the background power loss without the nanoparticles is given by the relative heating coefficient
is the volume fraction of conductive nanoparticles. The power per unit volume (in W/m 3 ) for the reference case is
where B 0 = µ 0 H 0 . Finally, the local inductive heating (in W/m 3 ) is given by
5 Mie theory for small conducting spheres
Mie theory can be used to investigate the extinction cross section of a small conducting sphere in a lossless host medium, see e.g., [15, 34] . Let the nanospheres and the exterior region have normalized dielectric constants 1 and 2 , respectively, and where 2 is assumed to be real valued for a lossless exterior region. The scattering and the extinction cross sections σ s and σ ext are given by
where k = k 0 √ 2 is the wave number of the exterior region and where t E l and t M l are the electric and the magnetic Mie coefficients which are based on the scattering of vector spherical waves due to an impinging plane wave, see e.g., [34] .
To the lowest order in kr 1 , the dominating Mie coefficients for the nonmagnetic conducting sphere are given by
The Rayleigh approximation for small particles can hence be written
where the electric and the magnetic polarizability are, respectively
The nanospheres are assumed to have conductivity σ 1 and hence 1 = 1 + iσ 1 /ω 0 where the real part of the permittivity can be assumed to be unity for most metals [5] . Further, let 2 = 1 corresponding to a host medium consisting of vacuum (or air). Then
and where α E ∼ 4πr 3 1 in the high-conductivity limit where σ 1 → ∞. Neglecting the contribution from the electric dipole the extinction cross-section of the conducting sphere becomes
which is due to the induced magnetic dipole moment (induced eddy currents). Neglecting the multiple scattering effect that is associated with the cluster of nanoparticles, the local inductive heating (in W/m 3 ) is given by
where E 0 is the amplitude of the incident electric field and n the number of particles per unit volume given by
and where f 1 is the volume fraction of nanoparticles. Finally, the local inductive heating becomes
or
where E 0 = η 0 B 0 /µ 0 and B 0 is the amplitude of the magnetic flux density. It should be noted that the Mie theory above is based on the assumption that the incident field is a plane wave in a lossless medium. It is also noted that the result (32) above when interpreted in terms of the magnetic flux density B 0 agrees very well with the result (21) which is based on the quasi-magnetostatic approximation.
Optimal near field and skin effect
Consider the scattering of electromagnetic waves from a single conducting nanosphere with radius r 1 (region 1) and complex valued relative permittivity
where σ 1 is the conductivity of the nanosphere. The wavenumber of the material inside the spherical region 1 is given by k 1 = k 0 √ 1 . The small conducting sphere is centered inside a larger sphere of radius r 2 (region 2) where the exterior material is considered to be homogeneous. The exterior material is modelled by using a combined Debye and a conductivity model (as with salty water) with complex valued relative permittivity
where ∞ , s and τ are the high frequency permittivity, the static permittivity and the relaxation time of the Debye model, respectively, and σ is the conductivity. The wavenumber of the exterior material is given by k = k 0 √ . Consider a description of the electromagnetic field based on an expansion in vector spherical waves as defined in (45). The applied external field is generated by arbitrary sources outside the sphere of radius r 2 and expanded in the region r 1 < r < r 2 by using regular spherical waves with multipole coefficients a (2) τ ml . The scattered field for r > r 1 is given by the multipole coefficients b
where t τ l is the transition matrix generating the exterior fields. The field inside the nanosphere for r < r 1 is given by the multipole coefficients
where r τ l is the transition matrix generating the interior fields. The transition matrices 1 t τ l and r τ l are readily obtained by applying the appropriate boundary conditions based on the tangential electric and magnetic fields. It can be readily shown that
1 In section 5, t 1l and t 2l are denoted t M l and t E l , respectively.
see Appendix A for the definitions of the spherical Bessel and Hankel functions, etc. The power generated inside the nanoparticle of radius r 1 is given by Poynting's theorem as
where the orthogonality of the regular spherical waves have been used and where W τ l (k, r 1 ) is defined in (66), (67) and (70) in Appendix A. It is assumed that there is a small cluster of nanoparticles centered at the origin and where the particles have a volume fraction f 1 . It is furthermore assumed that the scattering from the nanocluster is weak so that the multiple scattering effects of the many particles can be neglected as well as any possible reflections outside the exterior sphere of radius r 2 . The number of particles per unit volume inside the cluster is
and the local heating (in W/m 3 ) is hence given by
where we have also employed that a
(1)
τ ml . The mean background loss at radius r in medium 2 (in W/m 3 ) is given by
where S r denotes the spherical boundary of radius r and dS = r 2 dΩ. By exploiting the orthogonality of the vector spherical waves (63) the mean background loss can now be expressed as
where S τ l (k, r) is defined in (64) in Appendix A. The optimal near field is now defined by the maximization of the power ratio P loc (r 1 )/P b (r 2 ). This power ratio is a generalized Rayleigh quotient and the problem is hence equivalent to finding the maximum eigenvalue in the corresponding (diagonal) generalized eigenvalue problem as follows
7 Numerical examples
Simplified quasistatic analysis and loss-less Mie Theory
In Figure 3 is shown the relative heating coefficients (13) and (19) for the quasi-electrostatic and the quasi-magnetostatic cases, respectively, plotted as functions of the volume fraction f 1 . Here, F m indicates the magnetic case (19) with σ 1 = 4.52 · 10 7 S/m (gold nanoparticles) and σ 2 ∈ {10 −1 , 10 0 , 10 1 } S/m, and F e indicates the electric case (13) with σ 1 = ∞. This result indicates a significant local heating based on magnetic induction, and only negligible electric heating except for the case when the volume fraction f 1 is very close to unity.
To study the potential of inductive heating we consider also the Mie theory as outlined in section 5 above where the result (32) agrees very well with the quasi-magnetostatic theory (21) . In Figure 4 is shown the local heating P loc according to the asymptotic Mie theory (32), plotted as a function of volume fraction f 1 . Here, the gold nanoparticles are placed in vacuum (or air), r 1 = 0.8 nm, σ 1 = 4.52 · 10 7 S/m, B 0 = 0.03 T and f ∈ {30, 300, 3000} MHz. The European SAR limit of 2000 W/m 3 is also included in the plot. In Figure 5 is shown the same results recalculated as an equivalent temperature increase in water per unit time (
• C/h). Again, the results indicate a significant local heating based on magnetic induction given that a sufficiently high magnetic flux density can be employed at sufficiently high frequency.
As an illustration of the Mie theory for higher frequencies we consider the following Drude model for gold
where σ 1 = 4.52 · 10 7 S/m is the static conductivity and τ = 9.3 · 10 −15 s is the mean collision time for electrons in gold [18] . In Figure 6 is shown the magnetic and electric absorption Figure 4 recalculated as an equivalent temperature increase in water per unit time ∆T /∆t = P loc 3600/cρ ( • C/h) and plotted as a function of volume fraction f 1 (in log-linscale). Here, c = 4179 J/kg
• C is the specific heat capacity of water and ρ = 1000 kg/m 3 the specific weight of water. -log-scale) . Here, the radius of the particle is a = 0.8 nm, the absorption cross section is normalized with πa 2 and a Drude model is used to model the material dispersion of gold.
cross sections σ M a and σ E a given by the exact Mie theory (22) and (23) respectively, and where σ a = σ ext − σ s . These expressions converged well already with l = 1 in this example. The plot also shows the asymptotic expression (28) for σ M ext based on the static conductivity of gold, and which apparently is valid up to about 10 13 Hz. It is noted that the cut-off frequency in σ M a at about 10 13 Hz corresponds approximately to the collision frequency 1/2πτ of the Drude model. It is also noted that there is a plasmonic resonance slightly above 10 15 Hz (in the ultraviolet region) which is due to the Drude model.
Optimal near field and skin effect
The following numerical example is employed to evaluate the physical possibility of using electromagnetic waves in the radio frequency spectrum to heat gold nanoparticles. The nanoparticles are assumed to be immersed in a lossy medium and hence subjected to the skin effect. The frequency is chosen to f = 13.56 MHz due to common regulations. The gold nanoparticle is modeled with a complex valued relative permittivity (33) 
Magn. dipole (τ = 1), σ = 1 S/m Magn. dipole (τ = 1), σ = 10 S/m Magn. dipole (τ = 1), σ = 100 S/m El. dipole (τ = 2), σ = 1 S/m El. dipole (τ = 2), σ = 10 S/m El. dipole (τ = 2), σ = 100 S/m Figure 8 : Illustration of the skin effect in terms of the power ratio S τ 1 (k, r)/S τ 1 (k, r 2 ) where r is ranging from 0 to r 2 and where r 2 = 5 cm is the exterior design radius. Here, l = 1 and the magnetic and electric dipole fields are indicated with τ = 1 and τ = 2, respectively.
In Figure 7 is shown the relative heating P loc (r 1 )/P b (r 2 ) (in logarithmic scale) for gold nanoparticles with radius r 1 ranging from 0.8 nm to 25 nm with a volume fraction of f 1 = 0.01 and with exterior design radius r 2 = 5 cm. The optimization in (43) yielded a maximum for l = 1 and the plot shows the resulting maximum with magnetic and electric dipole fields indicated with τ = 1 and τ = 2, respectively. As seen in Figure 7 , the relative heating P loc (r 1 )/P b (r 2 ) is extremely small and can not give a practically useful heating, neighter with electric dipole effects nor with magnetic dipoles (inductive heating).
The reason that the latter conclusion is in contrast to the previous indications based on quasi-static assumptions and lossless Mie theory is that the skin effect of the exterior bulk material must also be taken into account. In Figure 8 is illustrated the skin effect in terms of the power ratio S τ 1 (k, r)/S τ 1 (k, r 2 ) defined by (64) and where r is ranging from 0 to r 2 and where r 2 = 5 cm is the exterior design radius in this example. It is seen that the skin effect is significant and destroys the possibility of radio frequency heating of gold nanoparticles in this example. In particular, with the magnetically induced dipoles and inductively heated nanoparticles (τ = 1) the local heating of the particles may be significant but only to the price of an excessive heating in the skin of the exterior domain.
Future research
Experimental results performed at Middlesex University indicate that gold nanoparticles adhered with glutathiones can give a significant heating effect when the antenna loaded with the specimen under test is tuned to resonance within the 2.6 GHz band, cf., also [3, 23] . It is suggested that the glutathiones serving as electron donors may generate bound charges adhered to the gold nanoparticles and in this way providing a dielectric relaxation mechanism that is able to release significant losses, cf., e.g., the electrophoretic mechanisms that are due to the movement of nanoparticles having net charges [6, 33] . It is the aim of our future research to study the physical background of this effect and to derive useful dispersion and absorption models that can be used to analyze the related physical phenomena, see also [28] .
Gold is important as it can be hydrophilic and allow ligands to be attach to it. This will hence allow the GNPs to be targeted at the cancer cells. It has been found that a frequency of 2.6 GHz works well with the type of GNPs used, however different ligands will require different frequencies. Hence, there is a need to develop a model that allows us to predict the suitable frequency instead of finding it experimentally. It is also important to find the best frequency that minimizes the heating of normal cells.
An illustration of the glutathione coated gold nanoparticle is shown in Figure 9 . Here, the structure consists of a 1.6 nm core of approximately 102 gold atoms. These GNPs are coated with approximately 43 glutathione (GSH) ligands such that the total GSH-GNP diameter approaches 5 nm [3, 7] .
HO ' Nanoparticles ~ 1.6nm Core ~ 5nm Nanoparticle Example: Glutathione Coated Gold Nanoparticle (gsh-GNP) Figure 9 : Glutathione coated gold nanoparticle.
Presently, the following issues are of great interest for future research
• Determination of dispersion models for the glutathione coated gold nanoparticles.
This will involve a study of the various dispersion models based on nanoscale particles that are available in the literature, such as e.g., the electrophoretic mechanisms, nonlocal electronic surface effects, electron spill-out and surface roughness that is proposed in [6, 15, 33] . The aim is to be able to propose a plausible dispersion model and an effective dielectric function for a nanoparticle suspension that is coherent with the observed experiments and that comprises physical parameters that can be useful in the practical design of the nanoparticles as well as of the electronic heating system.
The evaluation of plausible dispersion models will be carried out based on a careful analysis of the losses generated in the coated nanospheres together with an optimal near field generation including the associated skin effect and losses in the bulk exterior medium. This will involve an extension and a generalization of the analysis that has been carried out in this paper based on the vector spherical waves, its associated energy expressions and optimization. Our first results with examples including the electrophoretic mechanism are reported in [28] .
• Physical limitations for radio frequency absorption in gold nanoparticle suspensions.
Given the physical dimensions regarding the conglomerated gold-glutathione nanoparticle as well as the proposed bandwidth of the RF-heating system, it would be very useful being able to determine the physical limitations on the absorption that can be achieved by the particle, regardless of the passive dispersion model that is used. Similar studies have recently been conducted in the context of passive metamaterials [12] , radar absorbers [32] , high-impedance surfaces [13] , as well as with antennas and scattering (extinction cross section, absorption efficiency, reflection coefficients, optical theorem and sum rules for periodic structures, etc.), see e.g., [11, 14] . In this context, physical bounds and associated sum rules have been derived successfully based on the assumptions of linearity, passivity, and causality using analytic function theory for Herglotz functions (or Positive Real (PR) functions) and some a priori knowledge regarding the low-frequency asymptotics of the scattering bodies. The theoretical challenge here is that the particles are immersed in a lossy background, implying that many of the concepts used in normal scattering theory need to be adapted. Another option is to directly employ the passivity assumptions and related representation formulas (such as the Hilbert transform) in the context of convex optimization [30] . Our first results on the physical limitations for radio frequency absorption in gold nanoparticle suspensions are reported in [28] . These results are constrained to spherical geometries and future research will therefore be devoted to investigate more general geometries of the nanoparticle suspension and measurement set-ups.
• Magnetic nanoparticles.
The theoretical investigations conducted above will also involve the possibility to include magnetic properties. Gold nanoparticles is the first choice due to their wellestablished bio-compatibility and their ability to be adhered with the cancer specific nutrients [8] . However, it has been suggested that gold nanoparticles may exhibit magnetic properties [26] , and the possibility to employ ferromagnetic nanoparticles must also be kept open [16] . There are several mechanisms that have been proposed to account for magnetic losses such as Brownian or viscous heating [6] . In [6] is also proposed that magnetism in the sub-10 nm GNPs can give a significant heating effect possibly in combination with the electrophoretic mechanisms which are due the movement of GNPs with net charges.
• Antenna design based on predicted heating.
This will involve electromagnetic design of both capacitively as well as magnetically coupled antennas depending on further experimental results and theoretical findings. It will also involve thermodynamical analysis to determine the required antenna power and time for heating.
Summary and conclusions
We have investigated the classical electromagnetic background to the generation of heat in a cluster of conductive nanoparticles that are immersed in a lossy medium. First, a quasielectrostatic homogenization approach (Hashin-Shtrikman coated spheres) has been used to show that the effect of generating electric dipoles and the associated losses dissipated in the exterior medium can be disregarded, unless the volume fraction of the GNPs is unrealistically high or if there are some other electric dipole mechanisms present (such as e.g., with nanospheres coated with ligands and associated electrophoretic mechanisms) which are not taken into account here. A quasi-magnetostatic analysis has then been performed indicating that an inductive heating (induced eddy currents inside the metal particles) based on magnetic coupling may have the potential to significantly increase the heating locally provided that the supplied magnetic field can be made sufficiently strong at radio frequency. Finally, a near field optimization approach has been presented to study the electromagentic heating of conductive nanoparticles showing that when the exterior medium is modelled as salty water the skin effect in the bulk material will render the simple principle of inductive heating of GNPs practically useless at 13.56 MHz. Future research will therefore be focused on an investigation of plausible dispersion mechanisms associated with GNPs coated with ligands and which can potentially generate significant absorption based on the electrophoretic (plasmonic) resonance effects. The glutathione coated GNPs provide a promising candidate where experiments have indicated resonances in the GHz regime. To this end, it is anticipated that the presented near field optimization approach can be extended to provide a useful analysis tool based on vector spherical waves for lossy materials and an optimization of the associated energy expressions. Our first results in this direction with examples including the electrophoretic mechanism are reported in [28] .
A Vector spherical waves
A.1 Definition of vector spherical waves
In a source-free region the electromagnetic field can be expanded in vector spherical waves (multipoles) as
a τ ml v τ ml (kr) + b τ ml u τ ml (kr),
where v τ ml (kr) and u τ ml (kr) are the regular and the outgoing vector spherical waves, respectively, cf., [1, 2, 17, 27] . Here, τ = 1 indicates a transverse electric (TE) magnetic multipole and τ = 2 a transverse magnetic (TM) electric multipole, andτ denotes the complement of τ .
The solenoidal (source-free) regular vector spherical waves are defined here by
where Y ml (r) are the spherical harmonics, A τ ml (r) the vector spherical harmonics and j l (x) the spherical Bessel functions of order l, cf., [1, 2, 17, 27, 31] . Note that the indices l and m are given by l = 1, . . . , ∞ and m = −l, . . . , l. The outgoing (radiating) vector spherical waves u τ ml (kr) are obtained by replacing the regular spherical Bessel functions j l (x) above for the spherical Hankel functions of the first kind, h
l (x), see [2, 31] . It can be shown that any one of the vector spherical waves w τ ml (kr) defined above satisfy the following curl properties ∇ × w τ ml (kr) = kwτ ml (kr),
and hence the source-free Maxwell's equations (vector Helmholtz equation) in free space, i.e., ∇ × ∇ × w τ ml (kr) = k 2 w τ ml (kr). The vector spherical harmonics A τ lm (r) are given by
where the spherical harmonics Y ml (r) are given by
and where P m l (x) are the associated Legendre functions [1, 31] . Important symmetry properties are P −m l (cos θ) = (−1)
The vector spherical harmonics are orthonormal on the unit sphere, and hence
where Ω denotes the unit sphere, dΩ = sin θ dθ dφ and τ = 1, 2, 3. In spherical coordinates the vector spherical harmonics are given by
An important special case is with (m, l) = (0, 1) corresponding to a dipole moment in thê z-direction, where Y 01 (r) = 3 4π
cos θ and
sin θ,
cos θ.
(52)
A.2 Lommel integrals for spherical Bessel functions
The two Lommel integrals are
and [31] , and pp. 133-134 in [35] .
Let a = κ and b = κ * where κ = κ * , i.e., κ is not real valued, and consider the case C ν (κρ) = AJ ν (κρ) + BH
where A and B are complex valued constants. Let
where the conjugate rules J * ν (ζ) = J ν (ζ * ) and H l+1/2 (ζ), respectively, see [31] . An arbitrary linear combination of spherical Bessel and Hankel functions can hence be written as s l (kr) = Aj l (kr) + Bh (64)
As a consequence, the regular spherical waves are also orthogonal over a spherical volume V r 1 with radius r 1 yielding 
where dv = r 2 dΩ dr and τ = 1, 2. For complex valued arguments k, W 1l (k, r 1 ) is obtained from (59) as 
and for real valued arguments k, W 1l (k, r 1 ) is obtained from (62) as 
which are valid for l = 1, 2, . . ., cf., [31] , it is straightforward to show that W 2l (k, r 1 ) = 
